HOLOMORPHIC ONE-FORMS ON VARIETIES OF GENERAL TYPE 



CHRISTOPHER D. HACON AND SANDOR J. KOVACS 

ABSTRACT. It has been conjectured that varieties of general type do not admit nowhere van- 
ishing holomorphic one-forms. We confirm this conjecture for smooth minimal varieties and 
for varieties whose Albanese variety is simple. 



1. Introduction 

The impact of zeros of vector fields on the geometry of the underlying variety has been stud- 
ied extensively, cf. [Bot67], [BB70], [BB72], [CL73], [CHK73], [CL77], [ACLS83], [AC83], 
[ACL86]. For instance, it is known that the existence of a nowhere zero vector field on a 
compact complex manifold implies that all of its characteristic numbers vanish. 

Carrell asked whether something similar is implied by the existence of a nowhere vanishing 
holomorphic one form. He proved that this is the case for surfaces, namely if S is a compact 
complex surface admitting a nowhere vanishing holomorphic one form, then ci(S) 2 and C2(S) 
are zero [Car74]. On the other hand, he also gave an example of a threefold X, a P 1 -bundle 
over an abelian surface, for which Ci(X) 3 7^ 0. This suggests that one needs to treat varieties 
with negative Kodaira dimension differently. 

At the same time, Carrell's proof in the surface case starts by proving that a surface admitting 
a nowhere vanishing holomorphic one form is necessarily minimal, i.e., contains no (— In- 
curves. Hence one might suggest the following. 

Wild Guess 1.1. If X admits a nowhere vanishing holomorphic one form, then X is minimal. 

Unfortunately, we cannot expect this to hold in higher dimension: Let X = A x Y where A 
is an abelian variety and Y is arbitrary, or more generally let X admit a smooth morphism onto 
an abelian variety A with general fibre Y. Then X admits nowhere vanishing holomorphic one 
forms, namely the ones pulled back from A, but if Y is not minimal, then neither is X. The 
reason that this didn't happen for surfaces is that every smooth curve is minimal. 

So one may try the other part of the problem and ask whether the existence of a nowhere 
vanishing holomorphic one form on a minimal variety X implies that ci(X) dimX = 0. For a 
minimal variety X, Kx is nef, therefore ci(X) dimX 7^ is equivalent to K x imX > which is 
equivalent to X being of general type. 

We are also led to varieties of general type via a different path. If X admits a nowhere vanish- 
ing holomorphic one-form, then [GL87, Theorem 3.1] implies that for generic & 6 Pic°(X), 
one has H l (X, VL X ® = for all i, j. In particular, xiP^i u x) — 0- On the other hand, when 
X is of maximal Albanese dimension (i.e., dimX = dimalbxPO)) and Alb(X) is simple, 
then X is a variety of general type if and only if x{X, wx) > 0. 
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All of these considerations naturally lead to the following conjecture. 

Conjecture 1.2. Let X be a smooth projective variety of general type. Then X does not admit 
a nowhere vanishing holomorphic one form. 

Finally observe, that once we restrict to varieties of general type, (1.1) does not seem so wild 
anymore and one has a much more reasonable guess. 

Conjecture 1.3 (Carrell). Let X be a smooth projective variety of general type. If X admits 
a nowhere vanishing holomorphic one form, then X is minimal. 

Remark 1 .4. As mentioned above, this is known for surfaces and using the classification of 
extremal contractions one can easily see that it also holds for threefolds. This was explicitly 
checked in [LZ03, Lemma 2.1]. 

Conjecture 1.2 has been confirmed for canonically polarized varieties (i.e., whose canonical 
divisor is ample) in [Zha97] and for threefolds in [LZ03]. 

An immediate consequence of this conjecture is that a variety of general type does not admit 
any smooth morphisms onto an abelian variety. For other applications the reader is referred to 
[Zha97]. 

In this article we first prove Conjecture 1.2 for smooth minimal varieties. 

Theorem 1.5 =Theorem 2.5. Let X be a smooth projective minimal variety of general type. 
Then X does not admit a nowhere vanishing holomorphic one form. 

This completely confirms Conjecture 1.2 assuming Conjecture 1.3. Using (1.4) this also 
gives a new proof of the threefold case [LZ03, Theorem 1]. 

Using different methods than the ones used to prove (1.5), we also confirm Conjecture 1.2 
for varieties whose Albanese variety is simple. 

Theorem 1.6 =Theorem 3.1. Let X be a smooth variety of general type. If its Albanese variety 
is simple, then X does not admit a nowhere vanishing holomorphic one form. 

1 .7 Definitions and notation. Let X be a proper variety. A line bundle Jzf on X is called 
nef if deg (j£f \ c ) > for every proper curve C C X. Jzf is called big if the global sections of 
Jzf m define a generically finite map for some m > 0. X is of general type if oo x is big. 
For 9 e H°(X, Q x ), Z(6) denotes the zero locus of 9. 

Let & be a torsion-free sheaf on X and i : U <^-> X the locus where & is locally free. Then 
S m (^) denotes the reflexive hull of the m th symmetric power of i.e., S m {&) = t*S' m (^'| !7 -). 

2. Smooth minimal models 
The main goal of this section is to prove the following. 

Theorem 2.1. Let Y be a projective variety with only rational singularities of dimension n, 
and let <p : X — > Y be a resolution of singularities ofY. Let 4>*Vt Y = im[0*f2y — > fl x }. 
Assume that there exists a 9 e H°(X, # f2y) such that the zero locus of 6 is empty. Then for 
any ample line bundle Jzf on Y, H n (Y, Jzf) = 0. 

Before we can prove this theorem we need some preparation. 

Let X be a smooth variety of dimension n. Let $ be the functor of regular functions and ^ 
the functor of Kahler differentials, i.e., $ x = &x and ^ x = Then any 9 e H°(X, Q x ) 
induces a morphism 9 X '■ $x — ► ^x- In fact it induces a morphism 9 Xi : $x 4 — > ^ X; via pull 
back for every X, that admits a morphism, <fii : X, — > X, to X. In other words 9 induces a 
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natural transformation from $ to ^ in the category of X-schemes. Then by [Kov04, 2.6, 2.9] 
there exists a functorially defined 0^ e Ob(.D(X)) for all r > — 1 such that for every p e N 
there exists a distinguished triangle, 

(*) fifc 1 — ^ — ^ . 

Furthermore, Q. r 6x ~0 if r>n — 1 and O^ 1 — u; x . 

Suppose Z(9) is empty. Then by [Ful84, Appendix B.3.4] the Koszul complex, 

o _> e x n x ^ n 2 x ■ ■ ■ n^ 1 ^ W -> o, 

induced by taking the wedge product with 9 is exact. Let £ _1 = 0, and 

<T = ker(A^) : fi^ -> fi^ 1 

for % = 1, . . . , n - 1. Then r 0x ~ for r = 1, . . . , n - 2. In particular 0°^ ~ 

Next, results regarding the generalized De Rham complexes are summarized in the following 
theorem. 

Theorem 2.2. ([DB81], [GNPP88, IH.1.12, V.3.3, V.3.6, V.5.1)] For every complex scheme Y 
of dimension n there exists an f2 y e Ob(Dfu t (Y)) with the following properties. 

(2.2.1) Let <p. : X. — > Y be any hyperresolution ofY. Then £2 y ~ R<fr.*Q x . 

(2.2.2) The definition is functorial, i.e., if (ft : X ^ Y is a morphism of complex schemes, then 
there exists a natural map (ft* of filtered complexes 

<p* : fiy — > R(f)*V[ x . 

Furthermore, £2 y e Ob(.D^ t h (Y)) and i/0 w proper, then <fi* is a morphism in 

D b fut )C oh(y)- 

(2.2.3) Le? f2 y Z?e wswa/ De Rham complex of Kdhler differentials considered with the 
"filtration bete ". Then there exists a natural map of filtered complexes 

and ifY is smooth, it is a quasi-isomorphism. 

(2.2.4) Let fi y = GrpQ Y \p\- Then fi y ~ R(f>^fl x for any hyperresolution <f>. : X. — > F. 

(2.2.5) Tjf Y « projective and is an ample line bundle on Y , then 

U q (Y, fi y <g> jSf) = forp + q>n. 



To extend the definition of to singular varieties we need the following. 

Lemma 2.3. Let 0. : X. — > Y be a hyperresolution ofY. Let # fiy be defined as in (2.1). 
Let 9 e H°(X , <f> fly) and 9 Xi : G Xi — > Vt Xi the morphism induced by the section 9. Then 
R(f).^Q^ 6x is independent of the hyperresolution chosen. 

Proof. Let a be a morphism of hyperresolutions. 

X[ — X" 

e[ e" 

X ► X 
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Then by [Kov04, 4.1] there exists a commutative diagram: 

ite&£ ► Re[W x , ► Rs[& 6xi -ti 



Now Re'Q p x , ~ fi^ ~ ite"ft^„ by (2.2.4), and the statement follows from [DB81, 2.1.4] and 
(*) by descending induction on p. □ 

Definition 2.4. Let Y be a variety of dimension n. Let 0. : X. — > F be a hyperresolution of 
F and let G #°(X , We define r ey = R<p.^ dx for r > -1. By the lemma, this 

is independent of the hyperresolution chosen, in particular if F is smooth, it agrees with the 
previous definition of £2 t 6y . 

Proof of Theorem 2.1. By (*) there exists a distinguished triangle, 

(**) — ^ — a p e Y ^ ■ 

for every p e N, so by (2.2.5), 

H n - p (y,o p ey (g) jgf) - 

is surjective for all p, and then 

is also surjective. Now E°(Y, O n ey ® jSf ) = since 12 g y = 0, so we obtain that 

H"(y,0° y <g) Jgf) = 0. 

On the other hand, the previous observation in the case Z(9) = 0, (2.2.2), (2.2.3), (**) and 
[Kov04, 4.1] implies that the following diagram is commutative: 

&y , qo , 00^ 



p 



R(f>*@x — =- -> R<f)*n° x — =-> i?0*O° ex . 

Now p has a left inverse, and hence in turn the morphism Y — > g y has a left inverse. Finally 

that implies that H n (Y, Sf) -> H n (y 0° y <g> Jgf) = is injective. Y □ 

Theorem 2.5. Let X be a smooth projective variety such that ux is nef and big, and let 
9 e H°(X,Q X ). Then Z{9) ^ 0. 

Proof Consider the Albanese morphism, h : X — > A and let 

(?:y = Proj A ^^^A 

and : X — > F the induced natural morphism. Note that by construction h factors as g o 0. 

y has rational singularities by [Elk8 1 ] (cf . [KovOO]), and uo Y is a line bundle by the Basepoint- 
free theorem [KM98, Theorem 3.3] (cf. [Rei83]). In particular, Y is Gorenstein. 

Next let r] e H°(A, Q A ) such that 9 = h*r). It follows that 9 e H°(X, <p*Vt Y ), and hence by 
Theorem 2.1, if uo Y is ample, then Z(9) ^ 0. Therefore it is enough to prove that uo Y is ample. 
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Consider the canonical model of X: 

Z = Proj J2 #° 

m > 

We want to prove that Y ~ Z. 

By construction there is a natural moronism ijj : X — > Z that factors through 0. Let 
i] : F — > Z be the induced morphism such that ip — r] o (f). 

For all a e A, uj Ya is ample. On the other hand, for any curve C contained in a fibre of 
rj, uoy = ff^z is trivial on C. Hence Y a intersects every fiber of rj in a zero dimensional 
subscheme. 

Let E be a component of the exceptional locus of 77. By [Kaw91, Theorem 2], is covered 
by rational curves that are contracted by 77. By the above observation these rational curves 
cannot be contained in any of the Y a . Since A does not contain any rational curves we conclude 
that E must be empty. 

Thus Y ~ Z, in particular oo Y is ample. □ 

3. Varieties whose Albanese variety is simple 

Theorem 3.1. Let X be a smooth variety of general type and albx : X — > A : = AVo(X) 
its Albanese morphism. If A is simple, then any holomorphic one-form 9 G H°(X, Q^) has a 
non-empty zero set. 

We are going to study the Albanese morphism of X and employ different strategies depend- 
ing on whether it is surjective or not. 

Case I: alb x is not surjective. 

Proposition 3.2. Let Z C A be a proper closed subvariety of the abelian variety A. If A is 
simple, then for every holomorphic one-form 9 G H°(A, 9\ z has a non-empty zero set. 

Proof. Let W C H°(A, be the set of those holomorphic one-forms 9 G H°(A, such 
that 9\ z vanishes at some point z G Z. It is easy to see that W is closed and so it suffices to 
show that W is dense in H°(A, 

Let r = dim Z and Z the set of smooth points of Z. For any z G Z , one has that the 
tangent space T Z (Z) L = C 9 ~ r C T z (A) y = H°(A, Q\) = C 9 . Let Z C V 9 ' 1 be the closure 
of the image Z of the corresponding projective bundle V := P(T(Z )" L ) under this map. One 
sees that if Z = F 9 ' 1 , then W is dense in H°(A, 

Suppose that Z ^ F 9 ^ 1 , i.e., dimZ < g — 1. Let p G Z be a general point, then 
dimZ < p — 1 implies that the corresponding fiber V p is positive dimensional. Consider 
now the projection n : V — > Z and the subvariety Z p given by the closure of 7r(P p ) fl Z G C A, 
one has 

dim Z p = p — 1 — dim Z > 0. 

For general x G Z p , one has for L p the line corresponding to p that L p C T X {Z) L and so 
T X (Z P ) C T X (Z) C H, p := L^. It follows that Z p generates a proper abelian subvariety 
A p C A. This is a contradiction, so W = H°(A, □ 

Corollary 3.3. Le? X be a projective variety and a : X — > A a morphism to a simple abelian 
variety. If Z := a(X) 7^ A, then every holomorphic one-form 

9 G a*H°(A,n\) c H Q (X,Q} X ) 
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has a non-empty zero set. 
Case II: alb x is surjective. 

Notation 3.4. Let X be a projective variety and a : X — > A a surjective morphism to an 
abelian variety. Let A C A be the locus where a is not smooth. 

Proposition 3.5. Under the assumptions of( 3.4) assume that A contains an irreducible divisor 
D of general type. Then every holomorphic one-form 9 E a*H°(A, Q\) C H°(X, Q x ) has a 
non-empty zero set. 

Proof. Consider W C H°(A, Q A ) the set of those holomorphic one-forms 9 E H°(A,Q A ) 
such that a*9 E H°(X, Q x ) vanishes at some point x 6 I. As above, W is closed and so it 
suffices to show that it is dense. 

Consider D° C D a (non-empty) open set such that for all z E D° there is a point x E X z 
with rank(da! x ) = g — 1 (cf. [Har77, III. 10.6]) and £) is smooth at z. Let xi, ...,x fl be local 
coordinates of A at z such that L> is defined by x g = and 9 = 9 Z E H°(A,Q\) such 
that 0(2) = dx g . Then, 9 spans the subspace T^D) 1 C if°(A, fi A ) and 0| D vanishes at z 
and a*# vanishes at some point x e X such that a(x) = z (in fact at any such point with 
rank(da! x ) = g - 1). Since £> is of general type, by [GH79] (cf. [Mor87, (3.9)]), its Gauss 
map is generically finite and so one sees that the set {9 z \z E D } C W is dense in H°(A, 
(Reasoning as in the previous proposition, we have that V = Z and V — > IP 3-1 is generically 
finite and so it is dominant.) □ 

Proposition 3.6. Under the assumptions of (3.4) assume that there exists a positive integer m 
such that (**(wx/a) 25 ^8- Then a is not smooth in codimension one, i.e., A contains a divisor. 

Proof. Since cx*(u x , A ) is big, for any ample line bundle on A there exists an integer a > 

such that S a (a i ,{ijJ x y' A ))®M'~ l is big. Let m k : A k ~ A — > A be multiplication by an integer 

fc, so m k is an etale map such that m* k M' = (J^k) k with Jf? k an ample line bundle on A k . Let 
g = dim A, r = dimX — dim A, and k = 3r(g — l)ma. Further let H k be a divisor on A k 
such that @A{Hk) — and finally let 



ml{S a {a*{u™ /A ))®J?- 1 ) = S a (a'^, /A )M^f k 3r ^)- ma 
is big (cf. [Mor87, (5.1.1) (d)]) and hence a'*(uj™ M )®(J#f r(9_1) )- m is also big. Since # fe is 



ample, 3H k is very ample. Let C be a curve obtained by intersecting g — 1 general elements in 

|3# fe | and ^ := J#f r Then 

deguc = (g - l)(3H k ) g and deg^ = 3r(^ - l)H k ■ (3H k )^ = r degu c . 

Let Y = (a')~ l (C) and h = a'\ Y :Y^C. If a is smooth in codimension one, then a' is 
smooth in codimension one and so h is smooth. Since 



it follows that hJyUyjc)®^ rn is also big and hence ample. By [VZ01, Proposition 4.1] (with 

5 = 0, s = 0), one has 

degg/ < dim(Y"/C) degc^c = rdegujc- 



a' : X' := X x A A k -> A k = A. 



Then 
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This is impossible and hence a is not smooth in codimension one. □ 

Proof, (of Theorem 3.1) Since A is simple, by [Uen75, 10.9] (cf. [Mor87, Theorem 3.7]) any 
proper subvariety of A is of general type. By (3.3) we may assume that albx : X — > A is 
surjective. Then by (3.5), we may assume that albx is smooth in codimension one (again using 
[Uen75, 10.9] to see that every divisor is of general type). 

Now let X — > Z — > A be the Stein factorization of albx- Then Z — > A is smooth and 
hence etale in codimension one, so Z is birational to an abelian variety. It follows that Z is 
birational to A and albx : X — > A is an algebraic fiber space. Since X is of general type, 
(albx)*(w%/ A ) = (albx)*(^x) * s big for some m > 0, but by (3.6) this is impossible. □ 
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